Abstract. We introduce an intrinsic filtration to the magnitude chain complex of a metric space, and study basic properties of the associated spectral sequence of the magnitude homology. As an application, the third magnitude homology of the circle is computed.
Introduction
The magnitude homology is a homology group of a chain complex constructed from any metric space. As a categorification of the magnitude of a metric space [7] , this notion is first introduced to finite metric spaces associated to graphs with the shortest path length by Hepworth and Willerton [3] , and then generalized to general metric spaces by Leinster and Shulman [8] . Since the introduction, a number of features of the magnitude homology have been uncovered recently [2, 4, 5, 10] .
The purpose of this paper is to provide an intrinsic spectral sequence computing the magnitude homology. Spectral sequences are ubiquitous tools computing homology and cohomology of any kind, and their theory are well developed in particular in algebraic topology (see [1, 6, 11] for example). To provide our spectral sequence, we introduce a filtration to the chain complex giving the magnitude homology, based on an idea of "smoothness" of points in chains due to Kaneta and Yoshinaga [5] . Accordingly, we call it the smoothness filtration. Then we have the associated "smoothness" spectral sequence for the magnitude homology. Its properties to be studied in this paper are as follows:
• We describe the E 1 -term of the spectral sequence concretely. Then, using the notion of frames in [5] , we show that the E 1 -term decomposes into the direct sum of subcomplexes.
• We show that the spectral sequence always degenerates at E 4 .
• We provide criteria for E 2 -and E 3 -degeneracy. For instance, if there is no 4-cut, then the spectral sequence degenerates at E 2 .
• We show some vanishing results assuming the Menger convexity and an additional condition. As an application of the spectral sequence, we compute the third magnitude homology of the circle of radius r. Its magnitude homology up to degree 2 has been determined completely [5, 8] , whereas the other cases seem to be not yet. In degree 3, the vanishing of the magnitude homology is shown in some cases [5] . We prove that this vanishing is always the case. (See Section 4 for more detail.)
Provided the magnitude homology, there is also its dual, i.e. the magnitude cohomology. This is anticipated in [3] , and is investigated in [2] together with its non-commutative product. Dualizing the filtration of the magnitude chain complex, we get a filtration of the magnitude cochain complex.
The associated spectral sequence for the magnitude cohomology has properties parallel to those of the spectral sequence for the magnitude homology, and further has a compatibility with the non-commutative product structure. However, these facts can be shown rather easily, so that their detail will not be given in this paper.
The outline of this paper is as follows. In Section 2, we recall some basic setup for the magnitude homology. In Section 3, we introduce our filtration to the magnitude chain complex, and study the associated spectral sequence. At the end of this section, some sample computations of the spectral sequence are supplied. Then, in Section 4, we carry out the computation of the third magnitude homology of the circle applying our spectral sequence.
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Preliminary
As preliminary, we introduce some basic notions about magnitude complexes. For more detail, we refer to [3, 5, 8] , although we are using some different notations.
Throughout this section, we choose and fix a metric space (X, d).
Chains of points.
For a non-negative integer n, an n-chain x 0 , · · · , x n of points on X means a sequence x 0 , · · · , x n of n + 1 points on X. We say that an n-chain x 0 , · · · , x n is proper if x 0 = x 1 = x 2 = · · · = x n−1 = x n . We let P n (X) = P n be the set of n-chains, and P n (X) = P n ⊂ P n the subset of proper n-chains. Given an n-chain γ = x 0 , · · · , x 1 ∈ P n , we say that a point x is in γ, or x belongs to γ, when x is one of the points x i in the sequence x 0 , · · · , x n .
We define the length of an n-chain x 0 , · · · , x n ∈ P n to be ℓ( x 0 , · · · , x n ) = d(x 0 , x 1 ) + d(x 1 , x 2 ) + · · · + d(x n−1 , x n ).
We write P ℓ n (X, d) = P ℓ n (X) = P ℓ n ⊂ P n for the subset of n-chains of length ℓ, and P ℓ n (X, d) = P ℓ n (X) = P ℓ n ⊂ P n for that of proper n-chains of length ℓ. Given three points x, y, z ∈ X, we say that y is between x and z, and write x < y < z, when x = y = z and d(x, y) + d(y, z) = d(x, z) hold true. In the case that y is not between x and z, we write x < y < z. A point x i in a proper n-chain x 0 , · · · , x n is said to be smooth if i = 0, n and x i−1 < x i < x i+1 . A point x i in γ is singular when i = 0, 1 or x i−1 < x i < x i+1 . We follow [5] for the terms "smooth" and "singular", but the same notions are termed differently ("straight" and "crooked") in [4] .
2.2.
Magnitude complex. For x 0 , · · · , x n ∈ P n (X) and i = 0, · · · , n, we put
Notice that ℓ(∂ i γ) ≤ ℓ(γ) for any γ ∈ P n (X), due to the triangle inequality. More precisely, ℓ(∂ i γ) < ℓ(γ) if and only if the ith point x i in γ = x 0 , · · · , x n is singular, and ℓ(∂ i γ) = ℓ(γ) if and only if x i in γ is smooth.
We denote by C ℓ n (X, d) = C ℓ (X) = C ℓ n the free abelian group generated on proper n-chains γ ∈ P ℓ n (X) of length ℓ. We define a homomorphism ∂ :
by the linear extension of
It can be shown that ∂∂ = 0, so that (C ℓ * , ∂) is a chain complex. This is called the magnitude complex of (X, d), and its homology group H ℓ * (X, d) = H ℓ * (X) = H ℓ * is the magnitude homology of (X, d) (with the characteristic length ℓ).
In the case that ℓ < 0, the magnitude homology is apparently trivial. In the case that ℓ = 0, we immediately get [8] 
Therefore we are mainly interested in the case that ℓ > 0.
We may say that x 0 and x n are the end points of γ = x 0 , · · · , x n ∈ P ℓ n . If x j is a smooth point in γ, then ∂ j γ ∈ P ℓ n−1 also has the end points x 0 and x n . Thus, given two points x, y ∈ X, we have a subcomplex C ℓ * (X; x, y) = C ℓ * (x, y) ⊂ C ℓ * of proper n-chains with specified endpoints, and also the decompositions
which sometimes reduce our consideration.
Remark 2.1. Suppose that (X, d) is a finite metric space. The metric space is said to be positive [7, 9] if the matrix Z = (e −d(x,y) ) indexed by points x, y ∈ X is positive definite. Then the magnitude [7, 8] of the metric space is defined to be the sum Mag(X, d) = x,y∈X M (x, y) of the entries in the inverse matrix M = (M (x, y)) of Z. The crucial fact [8] is the formula justifying that "the magnitude homology is the categorification of the magnitude":
where q = 1/e. One can further show that
Thus, if all the direct summands H ℓ n (x, y) of the magnitude homology H ℓ n (X, d) are known, then the original distance function d(x, y) of the positive and finite metric space is recovered as d(x, y) = − log Z(x, y), where Z(x, y) is the (x, y)-entry in the matrix Z = (Z(x, y)) inverse to M = (M (x, y)) with M (x, y) defined by applying the formula above to H ℓ n (x, y). A more sophisticated recovery theorem by using the magnitude cohomology ring is known [2] .
2.3.
Persistence of singular point. For the introduction of a filtration of our concern, we show a simple lemma. Lemma 2.2. Let γ = x 0 , · · · , x n ∈ P n (X) be a proper n-chain γ = x 0 , · · · , x n ∈ P n (X) with n ≥ 2, and x j a smooth point in γ. If x i is a singular point in γ, then x i is also a singular point in ∂ j γ.
Proof. If i = 0, · · · , j − 2 or i = j + 2, · · · , n, then x i is clearly a singular point in ∂ j γ. Consider the case that i = j − 1. By assumption, we have
Using these assumptions and the triangle inequality, we get
Hence x j−2 < x j−1 < x j+1 and x j−1 is singular in ∂ j γ. In the same vein, we can also prove that x j−1 < x j+1 < x j+2 and x j+1 is singular in ∂ j γ.
Notice that, for a smooth point x j in γ given, the other smooth point x i = x j in γ may turn into a singular point in ∂ j γ. For example, let x 0 < x 1 < x 2 < x 3 be a 4-cut, namely, a sequence of four points on (X, d) such that we have x 0 < x 1 < x 2 and x 1 < x 2 < x 3 , but
In this case, x 1 in x 0 , x 1 , x 2 , x 3 is a smooth point. However, x 1 becomes a singular point in ∂ 2 x 0 , x 1 , x 2 , x 3 = x 0 , x 1 , x 3 . Remark 2.3. As an analogy of Lemma 2.2, we can show the following: Let x j be a smooth point in a proper n-chain x 0 , · · · , x n . Suppose that y is a point on X such that x j−1 < y < x j . Then x j is still smooth in x 0 , · · · , x j−1 , y, x j , · · · x n .
Smoothness filtration
We let (X, d) be a metric space, and ℓ > 0 a positive real number.
3.1. Smoothness filtration. For a proper n-chain γ ∈ P ℓ n , we write σ(γ) for the number of smooth points in γ.
Definition 3.1. Let p ∈ Z be an integer given.
(a) We define F p P ℓ n ⊂ P ℓ n to be the subset consisting of proper n-chains γ of length ℓ whose number of smooth points are less than or equal to p, that is,
n to be the free abelian group generated on
ℓ * is a subcomplex. Moreover, we have an increasing filtration of the magnitude complex
which we shall call the smoothness filtration. By definition, we have F p C ℓ * = 0 if p ≤ −1. Since any proper chain in P ℓ n has at least two singular points as its endpoints, we also have C ℓ n = F p C ℓ for p ≥ n−1. It is obvious that each subcomplex C ℓ * (x, y) ⊂ C ℓ * (X) has its own filtration F p C ℓ * (x, y).
3.2.
Spectral sequence. Once a chain complex is endowed with an increasing filtration, a general argument yields the associated spectral sequence (see [1, 6, 11] for instance). In our setup, we have the smoothness filtration F p C ℓ * of the magnitude complex C ℓ * . We thus have the associated smoothness spectral sequence E r p,q . Namely, we have for each non-negative integer r a chain complex (E
and its homology
r+1 ). The filtration is clearly first quadrant, and is exhausting as observed. Hence the spectral sequence converges to the graded quotient of H ℓ * with respect to a filtration:
• For each p, q, we have a positive number r ∞ such that E r p,q = E r∞ p,q for all r ≥ r ∞ . We write E
given as the image of the homomorphism induced from the inclusion F p C ℓ * ⊂ C ℓ * . These subgroups form a filtration
and there are short exact sequences
A property of the spectral sequence specific to the magnitude chain complex is as follows. (
As a preliminary to the proof of this theorem, we show a simple lemma. Lemma 3.3. Let γ ∈ P ℓ n be a proper n-chain which contains p smooth points: σ(γ) = p. Then its boundary ∂γ ∈ C ℓ n−1 is a linear combination of proper (n − 1)-chains whose numbers of smooth points are p − 1, p − 2 or p − 3.
Proof. Suppose that γ = x 0 , · · · , x n and x j is a smooth point in γ. In the chain ∂ j γ = x 0 , · · · , x j−1 , x j+1 , · · · , x n , the point x i with i = 0, · · · , j − 2, j + 2, · · · , n is smooth (resp. singular) if x i is originally smooth (resp. singular) in γ. In other words, only x j−1 and x j+1 have the chance to become singular from smooth. Since the smooth point x j is already removed from γ, the number of smooth points in ∂ j γ is p − 1, p − 2 or p − 3, as stated. 
with the free abelian group generated on proper (p+q)-chains of length ℓ which contain exactly p smooth points. Under this identification, we get a decomposition as an abelian group
This decomposition is generally not compatible with ∂. Its compression induces the boundary map
p+q is a proper chain with σ(γ) = p, then
In the description above, it is clear that d 1 preserves the singular points in proper chains. This fact suggests that a focus on singular points is a key to understand the chain complex (E 1 , d 1 ). For this aim, recall from [5] that the frame Fr(γ) of a proper n-chain γ = x 0 , · · · , x n ∈ P n is the (n − σ(γ))-chain of all the singular points in γ, given by removing all the smooth points in γ. Notice that Fr(γ) may be no longer a proper chain. Recall also that the set of all (possibly improper) q-chains is denoted by P q . Definition 3.4. Given ϕ ∈ P q as well as n and ℓ, we define
Zγ.
When P ℓ n (ϕ) = ∅, we understand C ℓ n (ϕ) = 0. Since a chain which can be a frame of another (proper) chain has at least two points, we have P ℓ n (ϕ) = ∅ and C ℓ n (ϕ) = 0 for ϕ = ϕ 0 ∈ P 0 . In general, the length of a proper chain γ ∈ P ℓ n (ϕ) has the bound ℓ(γ) ≥ ℓ(ϕ). Hence C ℓ n (ϕ) = 0 for ℓ < ℓ(ϕ). We have C ℓ n (ϕ) = 0 as well for any ϕ ∈ P q and n < q. Actually, if there exists γ ∈ P ℓ n (ϕ) for ϕ ∈ P q given, then n − σ(γ) = q. This fact also shows
Theorem 3.5. Let ℓ > 0 be a real number, and q > 0 an integer.
Moreover, we have a direct sum decomposition of the chain complex
In particular, E Proof. For (a), recall that d 1 preserves the singular points in proper chains. Thus,
p,q be a proper (p + q)-chain such that ℓ(γ) = ℓ and σ(γ) = p. Then we have Fr(γ) ∈ P q and γ ∈ P ℓ p+q (Fr(γ)). Theorem 3.6. Let ϕ = ϕ 0 , · · · , ϕ q ∈ P q be given. Then there is an injective chain map from (C ℓ * (ϕ), d
1 ) to the direct sum of tensor products of the chain complexes
Proof. The injective homomorphism ι of abelian groups is given by
This homomorphism can be seen to be a chain map with respect to d 1 on C ℓ * (ϕ) and a tensor product of d 1 on C ℓj * ( y j , y j+1 ) with appropriate signs.
The homomorphism in Theorem 3.6 fails to be surjective in the following case for example: Suppose that
′ is not in the image of the homomorphism in Theorem 3.6, since
. We remark that the injective chain map also fails to be a quasi-isomorphism generally, as will be seen in an example in § §3.7.
Notice that the range of ι has the direct sum decomposition with respect to the decomposition of the length ℓ. This induces a further decomposition of C ℓ * (ϕ) through the injective map ι. Definition 3.7. Let q ≥ 1 be an integer, and ϕ = ϕ 0 , · · · , ϕ q ∈ P q a q-chain. For positive real numbers ℓ 1 , · · · , ℓ q and non-negative integers n 1 , · · · , n q , we define
to be the subgroup generated by the (n 1 + · · · + n q )-chains of length
As a result of Theorem 3.6, we get Corollary 3.8. Let q ≥ 1 be an integer, and ϕ = ϕ 0 , · · · , ϕ q ∈ P q a q-chain. For positive real numbers ℓ 1 , · · · , ℓ q , we have a direct sum decomposition
and ι in Theorem 3.6 restricts to an injective chain map
Theorem 3.5 and Theorem 3.6 are parallel to some results in [5] . To explain this, let ϕ ∈ P q be a q-chain, and focus on the following subset
(ϕ) consists of geodesically simple chains, and a geodesically simple n-chain γ belongs to P ℓ n (Fr(γ)) with ℓ = ℓ(γ) = ℓ(Fr(γ)). A fact shown in [5] is that the group
(ϕ) with respect to ∂. Thus, the geodesically simple chains form a subcomplex of the magnitude chain complex, and this subcomplex admits the direct sum decomposition
where
. Therefore one can think of the complex of geodesically simple chains as a subcomplex of (E 1 , d 1 ). Then the above decomposition of the complex of geodesically simple chains is compatible with Theorem 3.5. It is known in [5] that each direct summand C ℓ(ϕ) * (ϕ) admits a tensor product decomposition as a chain complex with respect to ∂ = d 1 , whereas Theorem 3.6 only gives a injective chain map into a tensor product.
Thus, there are generally some differences between our results and those in [5] . However, in a setup which forces all the proper chains to be geodesically simple (to be considered shortly), Theorem 3.5 and Theorem 3.6 essentially agree with decompositions given in [5] . It should be noticed here that there is a crucial result in [5] which is not generalized in this paper: This is a description of the chain complex C d(x,y) * ( x, y ) in terms of the order complex of a poset associated to the interval x, y .
E
2 -degeneracy and absence of 4-cuts. Following [5] , we introduce a positive number m X as follows
In the case where X has no 4-cut, then we set m X = +∞. Theorem 3.9. Let (X, d) be a metric space, and ℓ a real number such that ℓ < m X . Then the spectral sequence associated to the smoothness filtration of C ℓ * (X) degenerates at the E 2 -term:
Proof. The assumption ℓ < m X implies that there is no 4-cut in the proper chains of length ℓ, and all the proper chains are geodesically simple. Accordingly, if a proper n-chain γ ∈ P ℓ n contains p smooth points, then its boundary ∂γ is a linear combination of proper (n − 1)-chains which contain exactly p − 1 smooth points.
(No smooth point turns into singular.)
Now, in view of the construction of the spectral sequence, the condition for
, is represented by ∂γ ∈ F p−2 C p+q−1 . But, γ is a linear combination of proper chains containing p smooth points, and ∂γ is a linear combination of proper chains containing p − 1 smooth points by the present assumption. Hence ∂γ = 0 in F p−2 C p+q−1 , and d 2 is trivial. In the same way, ∂γ = 0 in F p−r C p+q−1 for r ≥ 2, and d r is trivial. This establishes E 2 p,q = E r p,q for r ≥ 2. For the decomposition of H ℓ n , we just observe that the decomposition C
is compatible with ∂ under the present assumption.
As is mentioned already, if ℓ < m X , then all the computations about (E 1 , d 1 ) can be done in a way developed in [5] .
3 -degeneracy and absence of overlaps of 4-cuts. In the proof of Theorem 3.9, it is observed that a 4-cut is related to the differential
of the E 2 -terms. A similar consideration is possible for
, the remaining differential which is possibly non-trivial. Lemma 3.10. For a proper 4-chain x 0 , x 1 , x 2 , x 3 , x 4 , the following are equivalent:
(a) x 1 , x 2 , x 3 are smooth points in
Proof. The verification is straightforward.
Let us define a positive number n X by
We set n X = +∞, when there is no proper 4-chains x 0 , x 1 , x 2 , x 3 , x 4 such that x 0 , x 1 , x 2 , x 3 and x 1 , x 2 , x 3 , x 4 are 4-cuts. Since the definition of n X involves 4-cuts, we get the inequality m X ≤ n X . Theorem 3.11. Let (X, d) be a metric space, and ℓ a real number such that ℓ < n X . Then the spectral sequence associated to the smoothness filtration of C ℓ * (X) degenerates at the E 3 -term:
Proof. Let γ ∈ P ℓ n be a proper n-chain which contains p smooth points. Then, by the assumption ℓ < n X and Lemma 3.10, the boundary ∂γ is a linear combination of proper (n − 1)-chains which contain at least p − 2 smooth points. In other words, proper (n − 1)-chains with p − 3 smooth points or less never appear in the linear combination ∂γ. This means that
is trivial, in view of the machinery of the spectral sequence.
3.6. Menger convexity and its consequence. A metric space (X, d) is said to be Menger convex if any distinct points x, z ∈ X admit a point y ∈ X such that x < y < z.
Proposition 3.12. Let (X, d) be a Menger convex metric space, and ℓ > 0 a real number.
(
Therefore we assume ϕ 0 = ϕ 1 and ϕ 0 , ϕ 1 ∈ P 1 ⊂ P 1 . Then we have
In the case that ℓ = d(ϕ 0 , ϕ 1 ), there is nothing to prove. Therefore we assume
is a cycle with respect to d
1 . By the Menger convexity, there exists c ∈ X such that ϕ 0 < c < ϕ 1 . Thus
, we note that Theorem 3.5 leads to the direct sum decomposition E 
Therefore E ∞ p,q = 0 for any p, q such that p + q = 1, and also H ℓ 1 (X) = 0. With an assumption additional to the Menger convexity, we have another vanishing of E 2 -terms.
Proposition 3.14. Let (X, d) be a Menger convex metric space, and ℓ > 0 a real number. Suppose that for any distinct points x, z ∈ X and any real number ǫ > 0, there exists a point y ∈ X such that x < y < z and d(x, y) < ǫ. Then the following holds true for any integer q ≥ 2.
Proof. (a) If ϕ ∈ P q , then C ℓ q (ϕ) = 0. Hence we assume that ϕ ∈ P q ⊂ P q . In this case, we have
As a result, it suffices to show that the cycle ϕ ∈ C ℓ q (ϕ) is a boundary of a (q +
We have F (ϕ 0 ) > 0, since ϕ 0 < ϕ 1 < ϕ 2 . It is easy to get the inequality
for any x, x ′ ∈ X. By the assumption in the proposition, there exists c ∈ X such that ϕ 0 < c < ϕ 1 and 2d(ϕ 0 , c) < F (ϕ 0 ). Then we have
This means the existence of c ∈ X such that ϕ 0 < c < ϕ 1 and c < ϕ 1 < ϕ 2 . Now, we have
Therefore (a) is established.
(b) Theorem 3.5 gives us the direct sum decomposition
Hence (b) follows from (a).
Corollary 3.15. Under the assumption in Proposition 3.14, we have
Proof. The E 2 -term of the spectral sequence is summarized as follows:
Then we get E The zeta matrix Z = (e −d(i,j) ) and its inverse M = Z −1 are
where q = 1/e. The magnitude of (X, d) is
We consider the subcomplex C 
the Euler characteristic number of H 3 * is computed as −2. We have
where a circle • above a point x in a chain means that the point x is smooth in the chain. The E 1 -term is summarized as follows:
The E 2 -term is:
The extension problem is trivially solved, and we get: n = 0 n = 1 n = 2 n = 3 n ≥ 4 H The direct sum decomposition in Theorem 3.5 is To see an example of the injective chain map in Theorem 3.6, we consider C 3 * ( 1, 2 ) and C 3 * ( 2, 4 ).
The following is an example of the injective homomorphism in Theorem 3.6 ( 2, 4 ) . Concretely, this is the following homomorphism ι( 1, 2, 4 ) = 1, 2 ⊗ 2, 4 , ι( 1, 2, 1, 4 ) = 1, 2 ⊗ 2, 1, 4 , which misses 1, 2 ⊗ 2, 3, 4 . Further, ι is not a quasi-isomorphism.
The 3rd magnitude homology of the circle
As an application of the spectral sequence, we determine the third magnitude homology of the circle. Even with the assistance of the spectral sequence, its calculation involves a lot of case classifications of configurations of points, which reveals the difficulty of the determination of the magnitude homology in general.
4.1. Summary of result. Let S 1 = R/2πrZ be a circle, where r > 0 is a positive real number. For a point x ∈ S 1 , we will writex ∈ R for a representative of From general properties [8] , the magnitude homology group H ℓ n (S 1 ) of degree n = 0, 1 is readily seen for any ℓ. In the case of degree n = 2, the magnitude homology is computed in [5] for any ℓ, and, moreover, in the case of ℓ ≤ πr the magnitude homology is determined for all degree. Thus, by Theorem 4.1, the third magnitude homology is trivial for all ℓ. The following table summarizes these results, in which Z[S 1 ] = x∈S 1 Zx:
Some property of chains.
Lemma 4.2. Let x, y, z ∈ S 1 be points such that x < y < z. Then we have:
(b) For any liftx ∈ R of x ∈ S 1 , there uniquely exist liftsỹ,z ∈ R of y, z ∈ S 1 respectively such that • |x −z| = d(x, z) (or equivalently |x −z| ≤ πr); and • eitherx <ỹ <z orz <ỹ <x in the standard order on R.
Proof. Suppose x = z. Then x < y < z implies
Hence d(x, y) = 0 and x = y. This contradicts x < y < z, so that x and z are distinct. Now, we have the obvious bound d(x, y) ≤ πr. In the present setup, we have d(x, y) < πr. To show this fact, assume that d(x, y) = πr. Then x < y < z leads to
Hence d(y, z) = 0 and y = z. This contradicts x < y < z, and we conclude d(x, y) < πr. Because of this bound, there uniquely exists a liftỹ ∈ R of y such that d(x, y) = |x −ỹ|. Then eitherx <ỹ orỹ <x occurs with respect to the standard order on R. Now, we consider the case ofx <ỹ. If d(x, z) = πr, then we clearly have the unique liftz =x + πr of z such thatx <ỹ <z. Thus, let us assume d(x, z) < πr. Then there uniquely exists a liftz of z such thatx − πr <z <x + πr, and hence d(x, z) = |x −z|. We show that thisz satisfiesỹ <z. For this aim, we assumẽ z <ỹ. Notice that we have either d(y, z) =ỹ −z or d(y, z) = 2πr +z −ỹ. In the case of d(y, z) =ỹ −z, we get
This leads to d(x, y) = 0 and x = y, which is a contradiction. In the case of d(y, z) = 2πr +z −ỹ, we get
which is also a contradiction. To summarize, the unique liftz of z satisfiesỹ <z, provided thatx <ỹ. By symmetry, the argument above can be applied to showing the existence of the unique liftz of z such thatz <ỹ, under the assumption that y <x. Lemma 4.3. Let n ≥ 2 be an integer given. For any proper n-chain x 0 , · · · , x n such that x 1 , · · · , x n−1 are smooth, and any liftx 0 ∈ R of x 0 ∈ S 1 , there are unique liftsx 1 , · · · ,x n ∈ R of x 1 , · · · , x n ∈ S 1 such that •x 0 <x 1 < · · · <x n orx 0 >x 1 > · · · >x n in the order on R; and
In particular, we have ℓ( x 0 , · · · , x n ) = |x 0 −x n |.
Proof. Since x 0 < x 1 < x 2 by assumption, we apply Lemma 4.2 to get unique liftsx 1 ,x 2 of x 1 , x 2 satisfying the properties stated in the present lemma. Next, since x 1 < x 2 < x 3 by assumption, we can again apply Lemma 4.2 to the liftx 1 . Then we get unique liftsx Proposition 4.4. Let ϕ ∈ P 1 be a 1-chain, ℓ > 0 a real number, and n ≥ 2 an integer. If there exists γ ∈ P ℓ n (ϕ), then the following holds true:
• If n = 2m is an even integer, then ℓ ≤ πrm.
• If n = 2m − 1 is an odd integer, then ℓ < πrm.
Proof. A simple estimate of the length of γ by using Lemma 4.2. • For any real number ℓ > πrm, we have E Proof. We can apply Corollary 3.15 to the circle.
Notice that the corollary above is a result stated in [5] ( § §5.4), and has the following generalization. Proof. Because Proposition 3.14 applies to the circle, there is no non-trivial contribution to H ℓ n (S 1 ) of proper n-chains without smooth points. In view of Proposition 4.4, the length of a proper n-chain γ with at least one smooth point has the upper bound ℓ(γ) ≤ (n − 1)πr. Therefore if ℓ > (n − 1)πr, then C ℓ n (S 1 ) = 0, and the proposition follows.
Lemma 4.8. Let q ≥ 1 be any integer, and ϕ ∈ P q any improper chain. Assume that there exists a proper n-chain γ ∈ P n (ϕ).
Proof. (b) Let us express ϕ as ϕ = ϕ 0 , · · · , ϕ q . Because ϕ is improper, there exists j ∈ {0, · · · , q − 1} such that ϕ j = ϕ j+1 . We can then express γ as
where m ≥ 1, and x 1 , · · · , x m are smooth. Now, under the assumption that q > 1 and γ is proper, we have
Since ℓ( ϕ j , x 1 , · · · , x m , ϕ j+1 ) ≥ 2πr by (a), we see (b). Definition 4.9. Let n ≥ 1 be an integer, and γ = x 0 , · · · , x n ∈ P ℓ n a proper n-chain of length ℓ such that x 1 , · · · , x n−1 are smooth.
Calculation of E
• Suppose that n ≥ 2 and ℓ > 0. We say γ is right moving (resp. left moving) if the liftsx 0 , · · · ,x n ∈ R of x 1 , · · · , x n ∈ S 1 in Lemma 4.3 are ordered x 0 <x 1 < · · · <x n (resp.x 0 >x 1 > · · · >x n ) in the order on R.
• Suppose that n = 1 and πr = ℓ > 0. We say γ = x 0 , x 1 is right moving (resp. left moving) if a choice of liftsx 0 ,x 1 of x 0 , x 1 ∈ S 1 such that |x 0 − x 1 | < πr satisfiesx 0 <x 1 (resp.x 0 >x 1 ) in the order on R.
Notice that a 1-chain x 0 , x 1 of length πr lacks such a distinction as in Definition 4.9. According to this definition, we can introduce, for any ϕ 0 , ϕ 1 ∈ S 1 such that ϕ 1 ) of right moving and left moving chains, respectively, and we have the direct sum decomposition of abelian groups
except for the case of n = 1 and ℓ = πr. If ℓ = πr, then the decomposition above gives rise to that of the chain complex C ℓ * ( ϕ 0 , ϕ 1 ) with differential d
1 .
Lemma 4.10. Let ϕ 0 , ϕ 1 ∈ S 1 be distinct points, n ≥ 2 an integer, and γ = x 0 , · · · , x n a proper n-chain with x 0 = ϕ 0 and x n = ϕ 1 such that x 1 , · · · , x n−1 are smooth.
Then, the following holds true.
• If both ϕ 0 , ϕ 1 and γ are right moving, then ℓ(γ) = d(ϕ 0 , ϕ 1 ) + 2kπr for some integer k. If both ϕ 0 , ϕ 1 and γ are left moving, then we have the same formula of ℓ(γ) as above.
• If ϕ 0 , ϕ 1 is right moving and γ is left moving, then ℓ(γ) = 2kπr − d(ϕ 0 , ϕ 1 ) for some integer k. If ϕ 0 , ϕ 1 is left moving and γ is right moving, then we have the same formula of ℓ(γ) as above.
Proof. (a) The chain γ is either right moving or left moving. Let us assume that γ is right moving. Notice that, ifφ 0 is a lift of ϕ 0 , thenφ 0 + πr is a lift of ϕ 1 . Applying Lemma 4.3 to γ andx 0 =φ 0 , we get the unique liftsx 1 , · · · ,x n of x 1 , · · · , x n . We have ℓ(γ) =x n −x 0 =x n −φ 0 . Becausex n andφ 1 are lifts of the same point x n = ϕ 1 , there uniquely exists an integer k ∈ Z such that x n =φ 1 + 2kπr =φ 0 + (2k + 1)πr. To summarize, ℓ(γ) = (2k + 1)πr. The same argument applies to the case that γ is left moving. (b) Suppose that both ϕ 0 , ϕ 1 and γ are right moving. We choose liftsφ 0 ,φ 1 of ϕ 0 , ϕ 1 so that 0 <φ 1 −φ 0 < πr. Applying Lemma 4.3 to γ andx 0 =φ 0 , we get the unique liftsx 1 , · · · ,x n of x 1 , · · · , x n . We have ℓ(γ) =x n −φ 0 . Sincex n and ϕ 1 are lifts of the same point x n = ϕ 1 , there uniquely exists an integer k ∈ Z such thatx n =φ 1 + 2kπr. Consequently, ℓ(γ) =φ 1 −φ 0 + 2kπr = d(ϕ 0 , ϕ 1 ) + 2kπr as claimed. In the case that both ϕ 0 , ϕ 1 and γ are left moving, the same argument can be applicable.
Suppose then that ϕ 0 , ϕ 1 is right moving and γ is left moving. We choose lifts ϕ 0 ,φ 1 of ϕ 0 , ϕ 1 so that 0 <φ 1 −φ 0 < πr. Applying Lemma 4.3 to γ andx 0 =φ 0 , we get the unique liftsx 1 , · · · ,x n of x 1 , · · · , x n . Now, ℓ(γ) =x 0 −x n =φ 0 −x n . As above, there is an integer k ∈ Z such thatx n =φ 1 − 2kπr. We then find ℓ(γ) =φ 0 − (φ 1 − 2kπr) = 2kπr − d(ϕ 0 , ϕ 1 ). The remaining case is shown in the same way.
Lemma 4.11. Let ϕ 0 , ϕ 1 ∈ S 1 be distinct points such that d(ϕ 0 , ϕ 1 ) < πr, and ℓ a real number such that 0 < ℓ < πr. Then the homology group of the chain complex
1 ) is trivial, namely, for any n, we have
Proof. In the case that ϕ 0 , ϕ 1 is left moving, we have − → C ℓ n ( ϕ 0 , ϕ 1 ) = 0. To see this, suppose that γ ∈ P ℓ n ( ϕ 0 , ϕ 1 ) is a right moving chain. In the case of n = 1, it is clear that there is no such chains. In the case of n ≥ 2, there is an integer k ∈ Z such that ℓ = ℓ(γ) = d(ϕ 0 , ϕ 1 ) + 2kπr by Lemma 4.10. The apparent constraint 0 < d(ϕ 0 , ϕ 1 ) < πr leads to (2k − 1)πr < ℓ < 2kπr. These inequalities are incompatible with the assumption 0 < ℓ < πr. Thus, we conclude − → C ℓ n ( ϕ 0 , ϕ 1 ) = 0 as well as − → H ℓ n ( ϕ 0 , ϕ 1 ) = 0. Now, assume that ϕ 0 , ϕ 1 is right moving. By a similar argument as above, we find that − → C ℓ n ( ϕ 0 , ϕ 1 ) = 0 and
( ϕ 0 , ϕ 1 ) between the identity chain map and the trivial chain map. For this aim, we choose and fix a "right middle point" c ∈ S 1 of ϕ 0 and ϕ 1 . Concretely, we choose a point c ∈ R such thatφ 0 <c <φ 1 and put c = [c] ∈ S 1 , whereφ 0 , ϕ 1 ∈ R are the lifts of ϕ 0 , ϕ 1 such thatφ 0 <φ 1 <φ 0 + πr.
For n ≤ 0, we define − → h to be the trivial homomorphism, since
be an n-chain with x 0 = ϕ 0 and x n = ϕ 1 . If c = x 1 , · · · , x n−1 , then there uniquely exists an integer j ∈ {0, · · · , n − 1} such that x j < c < x j+1 . Now, we put
, since ℓ(γ) = ℓ < πr. Again, because of the inequality ℓ(γ) = ℓ < πr, any smooth point in − → h (γ) remain smooth upon the removal of any other smooth point in h(γ). Then, by a direct computation, we can verify that
Now, we start the computation of E 2 2,1 under the assumption that πr < ℓ ≤ 2πr. Because of the direct sum decomposition
the computation of E 1 ) for all ϕ ∈ P 1 . For convenience, we define the antipodal point α(x) ∈ S 1 of x ∈ S 1 to be α(x) = [x ± πr], wherex ∈ R is any lift of x ∈ S 1 . Then, given ϕ = ϕ 0 , ϕ 1 ∈ P 1 , either of the following holds true:
(I) ϕ 1 = α(ϕ 0 ). In this case, d(ϕ 0 , ϕ 1 ) = πr. (II) ϕ 1 = α(ϕ 0 ). In this case, d(ϕ 0 , ϕ 1 ) < πr. Further, for any liftsφ 0 ,φ 1 of ϕ 0 , ϕ 1 such that |φ 0 −φ 1 | < πr, we have either of the following (R)φ 0 <φ 1 (varphi 0 = ϕ 1 and ϕ 0 , ϕ 1 is right moving); or (L)φ 0 >φ 1 (ϕ 0 = ϕ 1 and ϕ 0 , ϕ 1 is left moving); or (C)φ 0 =φ 1 (ϕ 0 = ϕ 1 ). We compute the (third) homology group of (C ℓ * (ϕ), d
1 ) in each case, under the assumption that πr < ℓ ≤ 2πr.
Lemma 4.12 (The case of (I)). Let ℓ be a real number such that πr < ℓ ≤ 2πr. For any point ϕ 0 ∈ S 1 and any integer n ∈ Z, we have H ℓ n ( ϕ 0 , α(ϕ 0 ) ) = 0. Proof. It is clear that C ℓ 1 ( ϕ 0 , α(ϕ 0 ) ) = 0 under the assumption πr < ℓ ≤ 2πr. For any n ≥ 2, suppose that there is an n-chain γ ∈ P ℓ n ( ϕ 0 , α(ϕ 0 ) ). By Lemma 4.10, we have ℓ = ℓ(γ) = (2k + 1)πr for some integer k ∈ Z. This contradicts πr < ℓ ≤ 2πr, so that C ℓ n ( ϕ 0 , α(ϕ 0 ) ) = 0 for any n. Lemma 4.13. Let ℓ be a real number such that πr < ℓ ≤ 2πr. For any 1-chain ϕ = ϕ 0 , ϕ 1 ∈ P 1 such that ϕ 1 = α(ϕ 0 ) and any integer n ≥ 1, the following holds true.
• If ϕ is right moving, then
is either right moving or left moving. Suppose that ϕ is right moving. It is clear that there is no right moving 1-chain in P ℓ 1 ( ϕ 0 , ϕ 1 ). For n ≥ 2, suppose there is a right moving n-chain γ ∈ P ℓ n ( ϕ 0 , ϕ 1 ). By Lemma 4.10, we have ℓ = ℓ(γ) = d(ϕ 0 , ϕ 1 ) + 2kπr for some integer k ∈ Z. From 0 < d(ϕ 0 , ϕ 1 ) < πr, we get 2kπr < ℓ < (2k + 1)πr. This contradicts πr < ℓ ≤ 2πr, so that there is no right moving chain γ ∈ P ℓ (ϕ), and we conclude − → C Lemma 4.14 (The case of (II)). Let ℓ be a real number such that πr < ℓ ≤ 2πr, and ϕ = ϕ 0 , ϕ 1 ∈ P 1 a 1-chain such that ϕ 1 = α(ϕ 0 ). Then the third homology group of the chain complex (C to compute H ℓ 3 (ϕ) for each ϕ ∈ P 2 under the assumption πr < ℓ ≤ 2πr. Note that, under this assumption on ℓ, Lemma 4.8 implies that C ℓ 3 (ϕ) = 0 for any improper chain ϕ ∈ P 2 , and hence
Now, under the assumption πr < ℓ ≤ 2πr, it is easy to see that either of the following occurs for a proper 2-chain ϕ = ϕ 0 , ϕ 1 , ϕ 2 ∈ P 2 : 
We compute H ℓ 3 (ϕ) in each case. Lemma 4.16 (the case of (I)). Let ℓ be a real number such that πr < ℓ ≤ 2πr. For any proper 2-chain ϕ ∈ P 2 of type (I), the homology group of the chain complex
1 ) is trivial, namely, for any integer n, we have H ℓ n (ϕ) = 0. Proof. Let ϕ = ϕ 0 , ϕ 1 , ϕ 2 be such a proper 2-chain as in the case of (I). For any liftφ 1 of ϕ 1 , there uniquely exist liftsφ 0 ,φ 2 of ϕ 0 , ϕ 2 such that |φ 0 −φ 1 | < πr and |φ 1 −φ 2 | < πr. For these lifts, either of the following holds true:
(R)φ 1 − πr <φ 0 <φ 1 andφ 1 − πr <φ 2 <φ 1 ; or (L)φ 1 <φ 0 <φ 1 + πr andφ 1 <φ 2 <φ 1 + πr. By symmetry, it suffices to consider the case of (R) only. Let γ ∈ P ℓ n (ϕ) be a proper n-chain, which we express as (ϕ 1 , ϕ 2 ) . Henceforth we put ℓ 1 = d(ϕ 0 , ϕ 1 ) and ℓ 2 = d(ϕ 0 , ϕ 1 ), which satisfy ℓ 1 + ℓ 2 = ℓ. Note that this is the constraint about ϕ and ℓ for that C ℓ n (ϕ) can be non-trivial. If the constraint is violated, then C ℓ n (ϕ) = 0. Thus, we assume that ϕ and ℓ fulfill ℓ 1 + ℓ 2 = ℓ. Now, because d(ϕ 0 , ϕ 1 ) < πr and d(ϕ 1 , ϕ 2 ) < πr by assumption, γ 1 and γ 2 are either right moving or left moving. Since ϕ 1 is a singular point in γ, the chain γ 1 is right moving and γ 2 is left moving. Conversely, for any right moving chain
The thing observed so far can be summarized by saying that only one direct summand contribute to the decomposition in Corollary 3.8
and the injective chain map ι induces an isomorphism Lemma 4.17 (the case of (II)). Let ℓ be a real number such that πr < ℓ ≤ 2πr. For any proper 2-chain ϕ ∈ P 2 of type (II), the third homology group of the chain complex (C ℓ * (ϕ), d 1 ) is trivial: H ℓ 3 (ϕ) = 0. Proof. Let ϕ = ϕ 0 , ϕ 1 , ϕ 2 be such a 2-chain as in the case of (II). For any lift ϕ 1 of ϕ 1 , there uniquely exist liftsφ 0 ,φ 2 of ϕ 0 , ϕ 2 such that |φ 0 −φ 1 | < πr and |φ 1 −φ 2 | < πr. Now, we can prove that C ℓ 3 (ϕ) = 0 if ϕ 1 is smooth in ϕ. To prove this, assume that there exists a 3-chain γ ∈ P ℓ 3 (ϕ), which is either of the following forms
In any event, x is a smooth point in γ, and
which agrees with ℓ(ϕ) because ϕ 1 is smooth in ϕ. The equality ℓ(γ) = ℓ(ϕ) means that ϕ 1 is also smooth in γ, so that the frame of γ is Fr(γ) = ϕ 0 , ϕ 1 . This contradicts to γ ∈ P ℓ 3 (ϕ), namely, Fr(γ) = ϕ. Thus, C ℓ (ϕ) = 0 is established under the assumption that ϕ 1 is smooth in ϕ. As a result of this fact, we can assume that ϕ 1 is singular in ϕ in the following. Then, either of the following holds true: (R)φ 1 − πr <φ 0 <φ 2 − πr <φ 1 <φ 0 + πr <φ 2 <φ 1 + πr; or (L)φ 1 + πr >φ 0 >φ 2 + πr >φ 1 >φ 0 − πr >φ 2 >φ 1 − πr.
Notice in particular that |φ 0 −φ 2 | > πr. In the following, we will consider the case of (R) only, since the case of (L) can be studied in the same way by symmetry. Now, we specify the base elements of the chain complex C ℓ n (ϕ) for small n. We have C ℓ n (ϕ) = 0 for n ≤ 1 clearly, and
Then base elements γ ∈ P ℓ 3 (ϕ) of C ℓ 3 (ϕ) have two possible types: (i) γ = ϕ 0 , x, ϕ 1 , ϕ 2 for some x such that ϕ 0 < x < α(ϕ 2 ).
(ii) γ = ϕ 0 , ϕ 1 , y, ϕ 2 for some y such that α(ϕ 0 ) < y < ϕ 2 . For these chains, we have (2) γ = ϕ 0 , ϕ 1 , y 1 , y 2 , ϕ 2 , where y i are between α(ϕ 0 ) and ϕ 2 . (3) γ = ϕ 0 , x, ϕ 1 , y, ϕ 2 , where x and y satisfy ϕ 0 < x < α(ϕ 2 ), α(ϕ 0 ) < y < ϕ 2 and x < ϕ 1 < y. Since d(ϕ 0 , ϕ 1 ) < πr, we can apply Lemma 4.10 to the "subchain" ϕ 0 , x 1 , x 2 , ϕ 1 in the 4-chain γ of type (1) . It follows that ℓ(γ) = ℓ(ϕ) + 2kπr for some integer k. By the bound ℓ ≤ 2πr, the 4-chain γ of type (1) exists only when ℓ = ℓ(ϕ). This is also the case for γ of type (2) . For type (3), we have ℓ(γ) = ℓ(ϕ) clearly, so that it also exists only when ℓ = ℓ(ϕ). To summarize, C ℓ 4 (ϕ) = 0 in the case of ℓ = ℓ(ϕ), so that we assume ℓ = ℓ(ϕ) in the following.
To complete the proof, we construct a chain homotopy which kills H ℓ 3 (ϕ). For this aim, we choose and fix points c, c ′ ∈ S 1 such that ϕ 0 < c < α(ϕ 2 ), α(ϕ 0 ) < c ′ < ϕ 2 and c < ϕ 1 < c ′ . We then define a homomorphism By direct computation, we obtain (d 1 h + hd 1 )(γ) = γ for any γ ∈ P ℓ 3 (ϕ). This completes the proof that H ℓ 3 (ϕ) = 0. Lemma 4.18 (the case of (III)). Let ℓ be a real number such that πr < ℓ ≤ 2πr. For any proper 2-chain ϕ ∈ P 2 of type (III), the third homology group of the chain complex (C ℓ * (ϕ), d 1 ) is trivial: H ℓ 3 (ϕ) = 0. Proof. Without loss of generality, we can assume d(ϕ 0 , ϕ 1 ) = πr and d(ϕ 1 , ϕ 2 ) < πr. Letφ 0 be a lift of ϕ 0 . Thenφ 0 ±πr are lifts of ϕ 1 = α(ϕ 0 ). The unique liftφ 2 of ϕ 2 such that |ϕ 0 −ϕ 2 | < πr satisfies eitherφ 0 −πr <φ 2 <φ 0 orφ 0 <φ 2 <φ 0 +πr. By symmetry, it is enough to consider the former case. (ℓ = ℓ(ϕ))
Base elements γ ∈ C ℓ 3 (ϕ) have the following types: (i) γ = ϕ 0 , x, ϕ 1 , ϕ 2 for some x such that ϕ 0 < x < α(ϕ 2 ).
(ii) γ = ϕ 0 , x ′ , ϕ 1 , ϕ 2 for some x ′ such that ϕ 0 < x ′ < ϕ 1 = α(ϕ 0 ) and ϕ 0 , x ′ , ϕ 1 is left moving. (iii) γ = ϕ 0 , ϕ 1 , y, ϕ 2 for some y such that ϕ 1 < y < ϕ 2 . It is clear that these elements have length ℓ(γ) = ℓ(ϕ), so that they exist only when ℓ = ℓ(ϕ). Base elements γ ∈ C ℓ 4 (ϕ) have the following five types: (1) γ = ϕ 0 , x 1 , x 2 , ϕ 1 , ϕ 2 , where x 1 and x 2 satisfy the condition of x in (i). (2), (3) exist only when ℓ = ℓ(ϕ). Since the elements γ of the remaining two types (4), (5) have length ℓ(ϕ), so that they only exist only when ℓ = ℓ(ϕ). Consequently, C ℓ 4 (ϕ) = 0 whenever ℓ = ℓ(ϕ), so that we assume ℓ = ℓ(ϕ) in the following. We choose and fix c, c ′ , c ′′ ∈ S 1 so that x = c, x ′ = c ′ and y = c ′′ satisfy the conditions in (i), (ii) and (iii), respectively. We then define a homomorphism As computed, we have H ℓ 3 (ϕ) = 0 for any ϕ ∈ P 2 , provided πr < ℓ ≤ 2πr. In the case of ℓ > 2πr, observe that any 3-chain γ ∈ P ℓ 3 (ϕ) for ϕ = ϕ 0 , ϕ 1 , ϕ 2 ∈ P 2 is of the form ϕ 0 , x, ϕ 1 , ϕ 2 or ϕ 0 , ϕ 1 , y, ϕ 2 for some x, y such that ϕ 0 < x < ϕ 1 and ϕ 1 < y < ϕ 2 . This leads to an upper bound for the length of γ ℓ(γ) = d(ϕ 0 , ϕ 1 ) + d(ϕ 1 , ϕ 2 ) ≤ πr + πr = 2πr. 
